Abstract. The closed-form solution of a generalized hybrid type quasi-3D higher order shear deformation theory (HSDT) for the bending analysis of functionally graded shells is presented. From the generalized quasi-3D HSDT (which involves the shear strain functions "f(  )" and "g( )" and therefore their parameters to be selected "m" and "n", respectively), infinite six unknowns' hybrid shear deformation theories with thickness stretching effect included, can be derived and solved in a closed-from. The generalized governing equations are also "m" and "n" parameter dependent. Navier-type closed-form solution is obtained for functionally graded shells subjected to transverse load for simply supported boundary conditions. Numerical results of new optimized hybrid type quasi-3D
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Introduction
Laminated composite structures such as shells are extensively used in the industry.
However, even the designer's effort to tailor different laminate properties to suit a particular application; some laminated composite structures suffer from discontinuity of material properties at the interface of the layers and constituents of the composite.
Therefore the stress fields in these regions create interface problems and thermal stress concentrations under high temperature environments. Furthermore, large plastic deformation of the interface may trigger the initiation and propagation of cracks in the material [1] . In order to alleviate this problem, functionally graded materials (FGMs) were proposed by Bever and Duwez [2] . Then, this kind of materials were developed and successfully used in industrial applications since 1984 [3] .
In the most general case, FGMs are materials with spatial variation of the material properties. However, in most of the applications reported in the literature, as in the present work, the variation is only along the thickness; demonstrating the present state of development of FGMs.
Recently, several researchers have reported results on functionally graded plates (FGPs) and shells. Both analytical and numerical solutions for these cases can be found in the literature, Birman and Byrd [4] , see also Mantari and Guedes Soares [5] [6] [7] [8] [9] . An updated literature review of FGMs can be found in the work by Jha et al. [10] . In the present article, the relevant and recent related work on functionally graded shells is described in what follows.
Readers interested in developing HSDTs should consult the referential papers by Reddy [11] , Vel and Batra [12] [13] and Cheng and Batra [14] . Alternative bibliografy can be also the paper by Liew et al [15] on postbuckling analysis of functionally graded cylindrical shells under axial compression and thermal loads using the element-free kpRitz method. In this paper, the authors developed the formulation to handle problems of small strains and moderate rotations, based on the FSDT for shells and von Kármán strains.
Sofiyev and Kuruoglu [16] studied the torsional vibration and buckling of cylindrical shells with FG coatings surrounded by an elastic medium. Consequently, Sofiyev and Kuruoglu [17] presented a theoretical approach to solve vibration problems of FG truncated conical shells under mixed boundary conditions. Then, Sofiyev [18] investigated the dynamic instability of exponentially graded sandwich cylindrical shells under static and time dependent periodic axial loadings using HSDT.
Deniz [19] studied the response of a FG coated truncated conical shell subjected to an axial load. The author performed the analysis through non-linear equations governing the finite deformations of the shell. Ghannad et al. [20] presented an analytical solution for deformations and stresses of axisymmetric clamped-clamped thick cylindrical shells with variable thickness made of FGMs subjected to internal pressure. The authors used the FSDT and matched asymptotic method (MAM) of the perturbation theory.
Fraldi and colleagues [21] presented the exact analytical solutions for the elastic response of a solid circular cylinder composed by the assembly of a central core and n surrounding hollow phases, all made of different homogeneous elastic materials, under de Saint Venant load conditions. The authors obtained an equivalent one-dimensional homogenized beam model for the whole object. Tornabene et al. [22] performed an extensive study on doubly-curved FG shells structures using CUF and the Murakami's Zig-Zag (ZZ) function. The authors used the Generalized Differential Quadrature (GDQ) method and good referential results were obtained.
Xie et al. [23] used the Haar Wavelet Discretization (HWD) method-based solution approach to study the free vibration analysis of FG spherical and parabolic shells of revolution with arbitrary boundary conditions along with the FSDT. Kim [24] studied the free vibration characteristics of FG cylindrical shells partially resting on elastic foundation with an oblique edge by using the FSDT. Shooshtari and Razavi [25] studied, analytically and by using the FSDT, the linear and nonlinear free vibration of symmetrically laminated magneto-electro-elastic doubly-curved thin shell resting on an elastic foundation. Qu et al. [26] described a general formulation for free, steady-state and transient vibration analyses of FG shells of revolution subjected to arbitrary boundary conditions. The formulation is derived by means of a modified variational principle in conjunction with a multi-segment partitioning procedure on the basis of the FSDT. Thai and Kim [27] performed a remarkable review on equivalent single layer theories (ESL) in the modelling of functionally graded plates and shells.
Carrera and co-workers [28] studied the static analysis of FGPs and shells. The stretching effect was included in the mathematical formulation and the importance of the transverse normal strain effects in the mechanical prediction of stresses of FGPs and shells was remarked. Neves et al. [29] [30] and Ferreira et al. [31] presented a quasi-3D hybrid type (polynomial and trigonometric) shear deformation theory for the static and free vibration analysis of functionally graded plates by using meshless numerical method.
Their formulation can be seen as a generalization of the original Carreras's Unified Formulation (CUF), by introducing different non-polynomial displacement fields for inplane displacements, and polynomial displacement field for the out-of-plane displacement. Mantari and Guedes Soares [5] [6] [7] [8] [9] presented bending results of FGM by using new non-polynomial HSDTs. In [7] and [8] , the stretching effect was included and improved results of displacement and in plane normal stresses compared with [5] and [6] were found. Recently, the authors developed an accurate and attractive optimized quasi-3D HSDTs for advanced composite plates and shells [32] [33] by utilizing the well-known polynomial sinusoidal shear strain shape function.
In the other hand, on the basis of the 4-unknown plate theory and polynomial shear strain shape function, Abdelaziz et al. [34] studied the static analysis of FG sandwich plates. Consequently, Mechab et al. [35] considered the static and dynamic analysis of FGPs with new non-polynomial shear strain shape function (hyperbolic). Recently, a 5 unknown variables trigonometric plate theory (TPT) with stretching effect was developed by Thai and Kim [36] showing good accuracy with respect to its counterpart the TPT with 6-unknows.
Looking for generalized formulations of shear deformation theories for classical and advanced composites, it can be said that they are rare in the literature. Regarding to generalized formulations in classical composites, it is important to remark the work done by Soldatos [37] , Carrera (CUF) [38] and Demasi [39, 40] , Mantari and Guedes Soares [41] .
Besides the powerful CUF there exists a generalized formulation proposed by Zenkour [42] , which were extended to cover the stretching effect in Zenkour [43] .
Matusanga [44] also developed a generalized HSDT based on polynomial shear strain shape functions. In Mantari and Guedes Soares [8] , a generalized hybrid type HSDT for plates was developed. This generalized theory is able to reproduce the theory proposed in [7] [43] and others as special case.
The generalized HSDT of functionally graded plates presented by Zenkour [42] [43] is similar to the one formulated by Soldatos [37] for laminated composites. Normally nonpolynomial share strain shape functions, such as trigonometric, trigonometric hyperbolic, exponential, etc., can be used in this type of generalized formulation, see also Mantari and Guedes Soares [41] . However, the thickness expansion model (
by the in-plane displacement model ( ) (z f ), i.e. the transverse shear strain function is an even function which is the derivative of the in-plane shear strain shape function ( )
). Therefore, there is no freedom in choosing the shear strain shape functions, i.e. the through the thickness displacement field modeling.
The present formulation has that freedom, i.e. The generalized hybrid type HSDT for plates and shells presented here, and for example the well-known CUF (extended to include non-polynomial shape strain functions in their formulation [29] [30] [31] ) demand the development of new non-polynomial shape strain functions, which can be adapted to this advanced generalized formulation perhaps for better performance. In the present work, in addition to the main contribution of the present paper, new non-polynomial shape strain functions are presented for the first time.
It is important to remark that the static or bending problem of shells made of FGMs are not much explored neither available in the literature with the exception of CPT formulations (in the case of plate bending problems based on shear deformation theories, the contribution is quite representative), it may be because not much attention were given to the static behavior of FGMs compared with thermomechanical behavior which initially was the main concern due to the application requirements. Moreover, the non-polynomial function based-HSDTs are not widely used compared with the polynomial function based-HSDTs except for the case of the sinusoidal shear deformation theory (SSDT) as reported by Thai and Kim [27] who performed an interesting review on shells and functionally graded materials in the context of equivalent single layer and PVD and RMVT variational statements. In both directions, this paper contributes with the implementation of new quasi-3D non-polynomial hybrid type HSDTs to study the bending problem of single and sandwich shells. The SSDT with 5 and 6 unknown variables were previously optimized by this author and Guedes Soares [32] [33] . In ref.
[32] the bending shell problem were studied through elegant optimized SSDT.
In this paper a generalized quasi-3D hybrid type HSDT for shells having fixed number of unknowns, 6 in this case, is formulated and can be further optimized depending on the free selection of the shear strain shape functions. Moreover, several new quasi-3D hybrid type HSDTs were optimized and introduced to study the bending problems of shells using non-polynomial HSDTs which are rare in the literature. The generalized theory complies with the tangential stress-free boundary conditions on the plate boundary surface, and thus a shear correction factor is not required. The plate governing equations and its boundary conditions are derived by employing the principle of virtual work. Navier-type analytical solutions are obtained for shells subjected to transverse load for simply supported boundary conditions. Benchmark results for the displacement and stresses of functionally graded rectangular plates are obtained. The results of some new hybrid HSDTs are compared with 3D exact, quasi-exact, and with other closed-form solutions published in the literature.
Theoretical Formulation
The rectangular doubly-curved shell made of FGM of uniform thickness, h, is shown in Figure 1 . The ξ 1 and ξ 2 curves are lines of curvature on the shell mid-surface, ξ 3 = ζ = 0, while ξ 3 = ζ is a straight line normal to the mid-surface. The principal radii of normal curvature of the reference (middle) surface are denoted by R 1 and R 2 . The generalized displacement field satisfying the conditions of transverse shear stresses (and hence strains) vanishing at a point (ξ 1 , ξ 2 , ±h/2) on the outer (top) and inner (bottom) surfaces of the shell, is given as follows: (being h the thickness of the shell), a 1 and a 2 are scalar values inherent to the type of shells. These scalar values are associated to the vectors tangent to the ξ 1 and ξ 2 coordinate lines, respectively, for more details readers may consult the interesting book written by Reddy [45] . The theory allows the inclusion of a freely chosen shear strain shape function, ) (z f (odd function), and
In the derivation of the necessary equations, small elastic deformations are assumed, i.e. displacements and rotations are small, and obey Hooke's law. The starting point of the present thick shell theory is the 3D elasticity theory [45] , expressed in general curvilinear (reference) surface-parallel coordinates; while the thickness coordinate is normal to the reference (middle) surface as given in Figure 1 .
Replacing the Equations (1a-c) into the elasticity equations [45] (see Appendix A) for a moderately shallow and deep shell, the following strain-displacement relations, valid for a doubly-curved panel under consideration can be obtained:
An FG shell of length a, width b and a total thickness h made of a mixture of metal and ceramic materials are considered in the present analysis. The elastic material properties vary through the thickness and the power-law distribution is assumed to describe the variation of material properties, which is expressed as
where P denotes the effective material property, P t and P b denote the property of the top and bottom faces of the panel, respectively, and p is the power-law exponent that specifies the material variation profile through the thickness. The effective material properties of the shell, including Young's modulus, E and shear modulus, G vary according to Equations (3a-b), and the Poisson ratio, is assumed to be constant.
Considering the static version of the principle of virtual work and the stress-strain relationship through hook's law, the following expressions can be obtained: 
where
are the stresses and the strain vectors of the k th layer, q is the distributed transverse load; and N i , M i , P i , Q i and K i are the resultants of the following integrations:
The generalized static version of the governing equations are derived from Equation 
In what follows, the problem under consideration is solved for the following simply supported boundary conditions prescribed at all four edges:
(8a-b)
Solution procedure
Exact solutions of the generalized partial differential equations (7a-f) on arbitrary domain and for general boundary conditions are difficult to find. Although the Navier type solutions can be used to validate the present theory, more general boundary conditions will require solution strategies involving, e.g. boundary discontinuous double
Fourier series approach (see for example Oktem and Guedes Soares [46] ).
Solution functions that completely satisfy the boundary conditions in Equations (8a-b) are assumed as follows:
Substituting Equations (9a-f) into Equations (7a-f), the following equations are obtained,
Elements of ij K in Equation (11) can be obtained by using Ref. [32] and the governing equations 12(a-f).
where rs Q are the coefficients in the double Fourier expansion of the transverse load,
Numerical Results and Discussion
In the present section, the results of the bending analyses of FG plates and shells are presented. The results were obtained from the present generalized hybrid type quasi-3D
HSDTs with new shear strain shape functions. The theory is formulated in such way that the thickness stretching effect (TSE) can be taken into account, i.e. the thickness expansion is well-modelled by obeying the Koiter's recommendation [47] , for further information the reader is referred to Carrera et al. [28] .
The main aim of the present paper is to develop an unavailable generalized hybridquasi-3D HSDT for shells. However, new and well-known optimized shear strain functions are also presented. In addition, the foundations to obtain very accurate shear strain functions which can allow finding accurate HSDTs are given. The "problem dependency matter" regarding to the precision of HSDTs is noticed and discussed for advanced composites. Based on the optimization procedure given in this paper, future works may be conducted in order to find out the most accurate HSDT having a limited number of unknown variables for classical and advanced composite plates. [41] .
In this paper, in fact, the options to select the shear strain shape functions can be infinite and as simple as polynomial HSDT or other more accurate non-polynomial functions, and also hybrid type (see Table 1 ) can be utilized.
The selection of the unknown parameter "m" and "n" of the shear strain shape functions belonging to each quasi-3D HSDTs presented in Table 1 are discussed in what follows. Additionally, results reproduced by the present generalized hybrid type quasi-3D
HSDT are compared with the exact solution provided by Zenkour [43] and other HSDTs available in the literature.
4.1 Selection of the parameters "m" and "n" of the shear strain shape functions "f( )"
and "g( )"
The generalized displacement field in Equations 1a-c are formulated with "f( )" and "g( )" and therefore with "m" and "n" parameter dependency (see Table 1 ). The generalized governing equations (Equations 12a-f) are formulated with "y * " and "q * ", and therefore they are also "m" and "n" parameter dependent (see Table 1 ). The unknown parameter "m" and "n" of each of the HSDTs presented in Table 1 
The following non-dimensional quantities are used: Figure 2 shows the exponential function V( ) along the thickness of an EG plate for different values of the parameter p.
Firstly, the well-known trigonometric HSDT (HSDT1, see Table 1 ) which was also studied in Ref. [32] is presented in this paper. This theory, also called trigonometric plate theory (TPT), includes the sine function and it was originally developed by Levy [48] , corroborated and improved by Stein [49] , extensively used by Touratier [50] , Vidal and Polit [51] [52] [53] [54] , and recently adapted to functionally graded plates (FGP) and EGP by Zenkour [42] [43] . Here, the TPT is discussed in detail in the sense that the corresponding
" are expressed as a function of "m" and "n", respectively, and because they are directly related to the highly coupled differential equations (Equations 7a-f) through the parameters "y*" and "q*", then "m" and "n" are optimized to give close results to 3D solution obtained by Zenkour [43] as stated above. When m=n=  h , the TPT is outlined as special case (noticed that when a/h=2 and a=1, the value of m=n=0.1592), see for example the Datatips in Figures 3 and 4. ). In the first case an error around 3% can be noticed, however in the well-known TPT it is about 8.7%, i.e. after the optimization procedure of this theory 5.7% in accurate is gained. Again, the accurate in the results are more susceptible to change of n (transverse shear strain function "g( )") than m (inplane shear strain function "f( )"). However, as can be noticed, different values of m and n can be used according the type of application (for example beams), type of requested results (displacement or stresses) and considering the degree of accuracy that is intended to reach. Figure 5 shows the variations of non-dimensionalized vertical displacement and normal stresses with parameters "m" and "n" for an EGP (a/b=1/6, a/h=2 and p={0.1, 1.5}) computed by using the HSDT2 (see Table 1 ). From Figure 5 can be noticed that the m and n have both the same influence in the accuracy of vertical displacement. However, n parameter is more influent in normal stresses results, i.e. the inplane and transverse shear strain shape functions are very important, and so the selection of both m and n should be performed carefully. Nevertheless, it is still visible a set of values of m and n in both plots (dark red color) where good accuracy is achieved. The selected values for m and n are shown in Table 2 . They are used for further computations in this paper. Figure 6 shows the variations of non-dimensionalized vertical displacement and normal stresses with parameters "m" and "n" for an EGP (a/b=1/6, a/h=2 and p={0.1, 1.5}) computed by using the HSDT3 (see Table 1 ). In this case it is visible that the m parameter is more influent in the non-dimezionalized vertical displacement and normal stresses than the parameter n. This can perhaps be explained because the Hybrid HSDT, studied in this case, utilize an exponential transverse shear strain shape function "g( )".
However, a set of values for m and n (dark red color) where good accuracy is achieved can be noticed in Figure 6 . Again, the selected values for m and n are presented in Table   2 .
Looking at Figures 3-6 , in the context of the present generalized hybrid-type quasi-3D HSDT, it can be said that further studies need to be performed for general conclusions regarding the influence of the shear strain shape functions in the accuracy of the results.
Because few studies related to the influence of non-polynomial hybrid type shear strain functions in HSDTs were performed, this paper can lead to a new topic of research.
In what follows, numerical results are presented for different aspect ratios (a/b) and several values of the parameter p. Table 3 present the higher error among all the HSDTs presented in this paper. This HSDT is attractive for simplicity, but it is not good option in terms of accuracy.
Functionally graded shells (case problem 1)
The Ren shell geometry is considered in this case problem. In order to study the accuracy of the present quasy-3D HSDTs, the quasi-exact solution provided by Brischetto [55] is used as reference solution. This reference solution is proposed by dividing the Ren shell in 100 mathematical layers with constant properties and considering for each layer a LM4 theory, this solution is indicated as Nml = 100 in Table 5 as originally named by Brischetto and Carrera [56] . This Table considers Looking at the average errors in Table 5 , the first impression is that the FSDT produces 
Functionally graded shells (case problem 2)
In this example problem, cylindrical shells are also considered. It is important to remark that the bending problem of shells made of FGMs is not easy to find in the literature, it may be because not much attention were given to the static behavior of FGMs compared with the thermomechanical behavior.
The geometric parameters of the shells are as follows: a=0.2 m, R 1 =1 m, and θ 0 =0.2 rad. The uniform load is q 0 =1.0×10 6 N/m 2 . In this case the FG shell is subjected to uniform distributed load (r = s = 100), and it is applied at the top. The functionally graded material (Al/ZrO2, aluminum (Al), zirconia (ZrO2),) is that proposed by Zhao et al. [57] (see Equation 19 ). [57] with shear correction factor of K=5/6 (FSDT) were compared with the quasi-3D HSDTs presented in this paper. As reported by Zhao et al. [57] , the displacement increases against the volume fraction exponent p. In general, good agreement between the results exist, except for the HSDT2 (Case B) and HSDT3 (Case C) which in somehow is coherent with the general statements and recommendations of the previous case problem.
Conclusions
An unavailable generalized hybrid quasi-3D shear deformation theory for the bending analysis of advanced composite shells is presented. Infinite six unknown's hybrid shear deformation theories, in which the stretching effect is included, can be derived by using the present generalized formulation. In this paper new quasi-3D HSDTs for shells (nonpolynomial, hybrid and polynomial) are derived by using the present generalized formulation.
In general, by the proper selection of the inplane and transverse shear strain shape function by an optimization procedure, adequate distribution of the transverse shear strains through the plate thickness can be achieved. Thus, the generalized theory complies with tangential stress-free boundary conditions and a correction factor is not required.
After the optimization procedures over the highly coupled partial deferential equations (which are m an n parameter dependent) were performed, the key conclusions that emerge from the present numerical results can be summarized as follows:
 Infinite six unknowns' hybrid type shear deformation theories with stretching effect included can be derived and solved.
 All the non-polynomial HSDTs should be optimized in order to improve the accuracy of the theory.
 The optimization procedure in all the cases is, in general, beneficial in terms of accuracy of the non-polynomial hybrid type quasi-3D HSDTs.
 It is possible to gain accuracy by keeping the unknowns or DOFs (in FEM) constant.
 There is not unique quasi-3D HSDT which performs well in any particular example problems, i.e. there exists a problem dependency matter.
 Benchmark results for the displacement and stresses of exponential graded rectangular plates are obtained, which can be used for the evaluation of other HSDTs and also to compare results obtained by using numerical methods such as the finite element and meshless methods.
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Appendix A: Elasticity theory [45]
               w R a v a a u A 1 1 2 1 2 1 1 1 1 1    ,                w R a u a a v A 2 2 1 2 1 2 2 2 1 1    , 3 3      w ,               2 3 2 2 2 4 1 A v A w A    ,               1 3 1 1 1 5 1 A u A w A    ,                      
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